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Some simple flows
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Basic fields

Relevant fields:
Density ρ or volume fraction φ

Mean velocity v
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Usual hydrodynamics

Navier-Stokes equations for molecular flows

∇ · v = 0

ρ

(
∂v

∂t
+ (v · ∇)v

)
= −∇p + η∇2v

Is there an analogous for granular flows?

Granular flows are compressible

∇ · v = 0 → ∂ρ

∂t
+∇ · (ρv) = 0

η∇2v → η∇2v + ζ∇(∇ · v)

Mass and momentum are conserved but energy is not.

The transport coefficients (viscosity, for example) depend on
temperature. What is the analog here?
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Inelastic Hard Sphere model

Properties

Restitution coefficient 0 ≤ α ≤ 1

Momentum is conserved

Energy is not conserved:

∆E = −m

4
[(v1 − v2) · n̂]2(1− α2)

Particles align after collision

The model can be extended to
include rotation and friction

n
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Homogeneous cooling

A collection of grains, with initial energy and no forcing

Energy per particle: e = E/N

Energy dissipated in each collision ∆E ∼ −(1− α2)e

Number of collisions per unit time dNcol/dt ∼ Nn
√
e

Then:
de

dt
= −c(1− α2)ne3/2

Solution: e =
e0

[1 + at]2
Haff’s law

There is a need for energy injection.
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Boltzmann equation

To make a more formal analysis, we use kinetic theory.

The basic concept is the velocity distribution function f (r, v, t):
average number of grains with given position and velocities.

Basic definitions

n(r, t) =

∫
dv f (r, v, t) number density

ρ(r, t) = mn mass density

u(r, t) = n−1

∫
dv v f (r, v, t) mean velocity

3

2
T (r, t) = n−1

∫
dv

m

2
(v − u)2f (r, v, t) granular temperature

If we know f we have the full evolution
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Boltzmann equation

The distribution function f (r, v, t) changes by two mechanisms:

Particles change position by the free motion or their
velocities change by the action of external forces

x

v

This contribution is considered exactly, tracking the particles

f (r, v, t + ∆t) = f (r −∆t v, v −∆t F/m, t)

Taylor expanding leads to

∂f

∂t
+ v · ∂f

∂r
+

F

m
· ∂f
∂v

= 0
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Boltzmann equation

Collisions between particles change their velocities

InverseDirect 

collision collision

v

vv′

v1

v1v′
1

v∗v∗
1

Direct collisions destroy particles. Inverse collisions create particles.
The collision rate is proportional to

σ2|(v − v1) · n̂|f (v)f (v1) d2n̂ d3v d3v1

For the inverse collisions we have to change variables from v∗ to v.
Two considerations

|(v∗ − v∗1) · n̂| = α−1|(v − v1) · n̂|, d3v∗ d3v∗1 = α−1d3v d3v1
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Boltzmann equation

Combining the contributions of the change of f by the particle
motion and the collisions, we obtain the Boltzmann equation

∂f

∂t
+ v · ∂f

∂r
+

F

m
· ∂f
∂v

= J[f ]

with the collision term

J[f ] = σ2

∫ [
f (v∗)f (v∗1)

α2
− f (v)f (v1)

]
|(v − v1) · n̂| d2n̂ d3v1
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Conservation equations and constitutive laws

The Boltzmann equation has the property that

∫
dv ψ(v)J[f ] = 0 if ψ is a conserved quantity: 1, v

Multiplying the Boltzmann equation by 1,mv, and mv2/2 we get

∂ρ

∂t
+∇ · ρu = 0

ρ

(
∂v

∂t
+ (u · ∇)u

)
= −∇ · P + fext

3

2
ρ

(
∂T

∂t
+ (u · ∇)T

)
= −∇ ·Q− P : ∇u− Γ

Hydrodynamic equations with P stress/pressure tensor, Q energy
flux, and Γ energy dissipation rate.
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Conservation equations and constitutive laws

To obtain P, Q, and Γ we need to solve the Boltzmann equation.
It is a non-linear equation, complex to solve in general.

The Chapman Enskod method solves the Boltzmann equation in a
perturbation scheme for small inhomogeneities

f0 = f0[n,u,T ] depends on the forcing mechanism

f1 = g1∇n + h1∇u + j1∇T
. . .

Keeping up to first order

P = nT I− η0

√
T
(
∇u +∇uT

)

Q = −µ0

√
T∇n/n − κ0

√
T∇T

Γ = γ0(1− α2)n2T 3/2

Transport coefficients: η0, κ0, µ0, and γ0, depend on f0 and α.
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Conservation equations and constitutive laws

The analysis has been improved by:

Extending the kinetic equation to dense regimes using the
Enskog equation: spatial correlations, finite particle sizes and
excluded volume
Now, for example

P = nTH(n)I− η(n)
√
T
(
∇u +∇uT

)

Considering rotation: equation for the conservation of angular
momentum

Granular rotational temperature, but Trot 6= Ttrans

Other collision models
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Applications: Homogeneous cooling again

Assuming homogeneity, the hydrodynamic equations reduce to

ρ = ρ0

u = 0

dT

dt
= −2

3
γ0(1− α)2nT 3/2

and we recover Haff’s law.
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Applications: Homogeneous cooling again

What happens if there is no perfect homogeneity. Perturbation
analysis. To eliminate the explicit time dependence, time is changed
to dt = ds/

√
T . The fields are rescaled T = T0(t)T̂ , u =

√
T û

ρ = ρ0 + ερ1 û = εû1 T̂ = 1 + εT̂1
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except for the line of three particles in the lower right corner.
These three are the particles causing the collapse and they
are responsible for 14 of the 31 collisions that have occurred
in this simulation. ~The three particles do not have to be
perfectly aligned. At r50.05, numerical simulations show
that if the velocities are perfectly aligned, and the particle
surfaces are initially separated by a particle diameter, col-
lapse will occur if either of the two particles that collide first
deviate no more than about 0.03 of a particle diameter from
a straight line. On the other hand, the third particle can de-
viate by as much as a 1/8 of a particle diameter. At N51024,
n050.25, and r50.05, these arrangements are common
enough in the initial condition to always halt the simulation
before every particle has had a chance to participate in a
collision.!
The linear arrangement of the three disks in Fig. 11 indi-

cates that an inelastic collapse is a one-dimensional phenom-
enon. In Sec. IV we argue that once a sufficient number of
particles ~given by the one-dimensional theory! are lined up,
then collapse occurs just as it does in one dimension. In
support of this conclusion we show in Fig. 12 a selection of
simulations all with N51024 and n50.25 that were stopped
by collapse. The disks that were involved in the most recent
200 collisions are shaded black. The shading reveals the
roughly linear structures that form near the time of collapse.

IV. REGIME BOUNDARIES

In this section, we will compare the predictions of kinetic
theories to our simulations. One issue here is how well these
theories predict the boundary between the kinetic and shear-
ing states. We express these boundaries as critical values of r
where the transition occurs for fixed values of N and n. For
example, with N51024 and n50.25 ~Figs. 3 and 4!, the
boundary between the shearing and kinetic states is

FIG. 9. Time series for a simulation with N51024, n50.25, and
r50.73. Top panel: The momentum organization EK/ET . Middle
panel: The density organization nrms . Bottom panel: The velocity
anisotropy: ((u i22v i

2)/(u i21v i
2) where (ui ,v i) is the velocity of

particle i . In all three panels the transition from the clustered to the
shearing state at C/N'400 is clear.

FIG. 10. ~a! Particle streaklines for the clustering state. Here,
r50.73, N51024, and n50.25. C/N5100 collisions have occurred
since the simulation began. The dot marks the initial position of
each particle, and the line tracks the particle position for a small
amount of time. ~b! The same simulation as ~a!, but at a later time
C/N5800. The system is now in the shearing state.

53 5095DYNAMICS OF A FREELY EVOLVING, TWO-DIMENSIONAL . . .

[Orza et al. 1997] [Goldhisrsch and Zanetti 1993] [McNamara and Young 1996]

Clustering instability mechanism:
A density increase ⇒ energy dissipation increases ⇒ temperature drops

⇒ pressure drops ⇒ mass influx ⇒ density increases
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Applications: Bagnold scaling

Consider a granular gas in a uniform shear. If we want the density
to be homogeneous, the temperature should be homogeneous

���
���

���
��:0

3

2
ρ

(
∂T

∂t
+ (u · ∇)T

)
= −����:0∇ ·Q + η(∇u)2 − γ(1− α2)ρ2T 3/2

The viscosity goes as η = η0

√
T . Then

T ∼ (∇u)2/[ρ2(1− α2)] Bagnold scaling

The viscosity depends on the shear rate: η = η0

√
T ∼ η0|∇u|
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Applications: Bagnold scaling

For hydrodynamics to be valid, the change on velocities in a mean
free path ` should be small (compared to the typical sound velocity
c ∼

√
T/m).

That is, ∆u = `∇u �
√

T/m

Using ` ∼ 1/n, and the Bagnold scaling T ∼ (∇u)2/[ρ2(1− α2)]
we get the condition

(1− α2)� 1

For large inelasticities, there is no temporal or spatial scale
separation.
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Applications: Boundary effects

Consider a granular gas that is driven by two vibrating walls,
modeled as thermal to impose a granular temperature T0.

than about 0.004 (!"0.8) these effects reach the central part
of the system introducing an important difference with re-
spect to the theoretical predictions.
To make theory-simulation comparisons we have not used

directly the eighth-order expressions, but first we have trans-
formed them using the Padé technique: for each field, we
define a function, ratio of two polynomials in ! #of degrees $
and %, respectively& such that the series expansion of the
rational function coincides with the eighth-order solution. In
each case, it is seen that there is a range of values for '%,
$(—keeping %!$)8—for which the different Padé expres-
sions are numerically almost identical but they differ from
the values that takes the eighth-order solution itself, because
of the poor convergence of the latter. We found out that it
was enough to use ($"2,%"2) for all fields, except for *,
in which case we had to consider ($"3,%"3). The use of
Padé approximants gives a refined but not radically different
fit.
In Fig. 1, we compare the eighth-order solution for n,T,

Qy , and * with MD results. It can be seen that there is an
excellent agreement for the first three fields #n,T, and Qy&. In
the case of *, as discussed before, the agreement is only fair

and it badly fails away from the central part of the system.
In Fig. 2, we compare the values of Pyy and those of * at

the central part (y"0) for different values of q from MD
versus the values predicted by the eighth-order solution.
Again, the Padé technique was used. Its application is now
essential because of the weak convergence in q. It is seen
that * does not fit well except for quite small values of q and,
as mentioned before, this seems to be due to wall effects
reaching the central part of the system.
The same kind of effect is observed for pyy"1/2(Pyy

#Pxx), an observable that measures the anisotropy between
the diagonal components of the pressure tensor. The pre-
dicted profile for pyy is a smooth function decreasing from
the central part toward the walls. In contrast, the observed
profile begins decreasing, as predicted, and then abruptly in-
creases reaching differences, with respect to the predicted
profile, of about 20 to 40% in the case of, for example, q
"0.008 16 (!"1.6). These important differences take place
at approximately the same region where the observed * pro-
file presents the maximum differences with respect to the
theoretical value.
Studying the Pyy series up to q8 using the Padé technique,

FIG. 1. The dimensionless density n, granular temperature T, energy flux from the walls Qy , and fourth cumulant * are shown for a
system with N"19 600 particles, area density +A"0.01 and Kn"0.0714, for different values of !. For both, the density and the temperature,
the three profiles correspond to !"0.2 #!&, !"0.6 #$& and !"1.0 #*&. The profile Qy corresponds to !"1.0. In the case of *, the values
of ! are: 0.2#!&, 0.4(x), 0.6#*&, 0.8#open square&, 1.0#solid square&.
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[Cordero and Risso 2002]

Pressure is uniform p0 = nT , then n = p0/T . Stationary state

d

dz

(
κ
dT

dz

)
− γ(1− α2)ρ2T 3/2 = 0; κ = κ0

√
T

The solution is

T 3/2 = T
3/2
0

cosh(z/Lα)

cosh(L/Lα)

Scale of inhomogeneities Lα ∼ 1/(ρ
√

1− α2) can be very small.
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Vibrofluidized systems

g

A,w

At high frequencies, the wall injects energy Q = Q(ρ,T ) [Soto 2004].
There is energy dissipation in the bulk.

A temperature profile develops, leading a density profile...

regions, Eq. ~10! can be solved numerically using the bound-
ary and normalization conditions ~11! and the previously cal-
culated values for g and a . By examining a number of simu-
lations that include a range of densities we determined that
the optimal values for the prefactors are g52.26 and
a51.15. While this value of g is consistent with the value
obtained in the high density calculation, this a value is
slightly lower than our prediction. A typical system with
r50.99 is shown in Fig. 4, and it is seen that the predictions
of hydrodynamic theory match the numerical data over wide
density variations. For this simulation, the ratio
A2(12r2)/ga2 is approximately 0.1, which is not of order
unity, so the condition of Eq. ~15! is satisfied.

III. NONEQUILIBRIUM STEADY STATE

The calculation in the previous section assumes that the
steady state is very close to equilibrium, and that pressure
and temperature can be used to describe the system. This
requires that condition ~13! is satisfied in the high density
limit, or condition ~15! is satisfied in the low density limit.
An important question is: When does the behavior of the

system changes qualitatively? One such transition occurs
when r becomes low enough for the system to undergo in-
elastic collapse. Here strong correlations and large density
variations develop, and applying hydrodynamics becomes
impossible. Even when r is slightly higher than the critical
value for inelastic collapse, the attractors mentioned in the
Introduction may still be strong enough to build correlations.
Where this breakdown occurs is determined by the degree of
inelasticity, the density and the total number of particles
@11#. For each pair of values of density and total number of
particles, there is a value of r , which divides two different
kinds of behavior: loose sand and coherent sand.
However, the theory developed in the previous section is

strictly for the quasielastic limit, 12r!1, so there may exist
systems that, although elastic enough to avoid inelastic col-
lapse, still have r far enough from one that the hydrodynam-
ics do not apply. Since correlations between particles are

built up through inelastic collisions, high density regions are
more liable to inelastic collapse @11#, while for low density
regions, correlations are harder to establish. Therefore, we
will investigate the low density limit in order to observe the
breakdown of the hydrodynamic description as the degree of
inelasticity increases.
When the temperature variation within a mean free path is

significant, the system is unable to reach local equilibrium.
Therefore, particles carrying energy away from the heated
wall cannot share this energy with the slow particles return-
ing from the higher density region near the elastic wall. This
inefficient mixing leads to a temperature gap—the average
energy of particles with vx.0 is greater than that of the
particles with vx,0 ~see Fig. 5!. Furthermore, near the
heated wall, the temperature drops by approximately 15%
over a mean free path, which suggests that such a system will
be unable to reach local thermal equilibrium ~see Fig. 6!.
The probability distribution functions for vx ~the velocity

perpendicular to the heated wall! provide an illuminating
way to measure this deviation from equilibrium ~see Fig. 7!.
Note the asymmetry: the vx.0 tail is longer than the

FIG. 4. Comparison of a simulation ~plus signs! of 1000 par-
ticles at r50.99 with the numerical solution ~solid lines! to the full
differential equation ~10! with g52.26 and a51.15. The tempera-
ture is not one at the heated wall due to the effect discussed in Sec.
III. The horizontal axis is the distance from the heated wall in units
of the particle diameter (d).

FIG. 5. The difference in temperature for particles with positive
velocities ~solid line! and with negative velocities ~dashed line!.
The data are from a simulation of 1500 particles with r50.95 and
total area fraction 0.01.

FIG. 6. The mean free path, i.e., the average distance until the
next collision for particles at a given position. The dip near the
heated wall is due to collisions with the wall. The data are from the
same simulation used in Fig. 5. Both the mean free path (l) and the
position (x) are in units of particle diameters (d).

4204 55E. L. GROSSMAN, TONG ZHOU, AND E. BEN-NAIM

Grossman et al. 1997
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Vibrofluidized systems

g

A,w
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There is energy dissipation in the bulk.

A temperature profile develops, leading a density profile...
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When the temperature variation within a mean free path is

significant, the system is unable to reach local equilibrium.
Therefore, particles carrying energy away from the heated
wall cannot share this energy with the slow particles return-
ing from the higher density region near the elastic wall. This
inefficient mixing leads to a temperature gap—the average
energy of particles with vx.0 is greater than that of the
particles with vx,0 ~see Fig. 5!. Furthermore, near the
heated wall, the temperature drops by approximately 15%
over a mean free path, which suggests that such a system will
be unable to reach local thermal equilibrium ~see Fig. 6!.
The probability distribution functions for vx ~the velocity

perpendicular to the heated wall! provide an illuminating
way to measure this deviation from equilibrium ~see Fig. 7!.
Note the asymmetry: the vx.0 tail is longer than the

FIG. 4. Comparison of a simulation ~plus signs! of 1000 par-
ticles at r50.99 with the numerical solution ~solid lines! to the full
differential equation ~10! with g52.26 and a51.15. The tempera-
ture is not one at the heated wall due to the effect discussed in Sec.
III. The horizontal axis is the distance from the heated wall in units
of the particle diameter (d).

FIG. 5. The difference in temperature for particles with positive
velocities ~solid line! and with negative velocities ~dashed line!.
The data are from a simulation of 1500 particles with r50.95 and
total area fraction 0.01.

FIG. 6. The mean free path, i.e., the average distance until the
next collision for particles at a given position. The dip near the
heated wall is due to collisions with the wall. The data are from the
same simulation used in Fig. 5. Both the mean free path (l) and the
position (x) are in units of particle diameters (d).
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Vibrofluidized systems

Temperature and density profiles under gravity induce convection
86 P. Cordero et al. / Physica A 327 (2003) 82–87
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Fig. 2. Left and right !gures correspond to two stable stationary solutions sharing the same values for the
control parameters: Kn = 0:06, Fr = 0:55 and inelasticity coe"cient q = 0:063. At top the velocity !elds;
below the surfaces representing the dimensionless number density n(x; y) rescaled to satisfy

!

n dx dy = 1;
at bottom the temperature surfaces T (x; y).

We !nally make the distinction between the thermal boundary condition at the base
and more realistic ones. Experimentally the energy source is typically a vibrating base.
A granular system kept highly excited by means of a vibrating base characterized by
a vibrating amplitude much smaller than the mean free path and a frequency much
larger than the particle’s collision rate, can behave as if it were in contact with a
stochastic static wall injecting energy at a steady rate [8]. Such boundary condition is
not equivalent to having the system in contact with a heat bath as de!ned above but
they are quite similar only close to hydrostatic conditions (no convection).
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Fig. 3 clearly showing a supercritical transition at qN ! 4
from the conductive to the convective regime with one con-
vection roll. Because of the symmetry of the problem, rolls
with both signatures are equally probable and they appear
in our simulations, depending only on the initial condition.

It can also be seen that from qN ! 34 up there is a
coexistence of regimes with zero and nonzero circulation
which corresponds to the competition of one and two con-
vective rolls, this is, a subcritical transition from the one-
roll to the two-rolls regime.

It seems to us that the appearance of the two and multi-
roll regimes could be due to a change in the effective as-
pect ratio of the system [9]: as dissipation increases, there
are regions where density rises considerably, lowering the
average height occupied by the system.

Although no systematic study of higher dissipative
regimes has been performed yet, we have observed that as
qN continues increasing, transitions to multiroll patterns
were observed but with much noise, as the system gets
denser and the convective movement decreases and even-
tually disappears. It is in this limiting case when a nearly
close packed layer of particles floating on a low density
gas in contact with the thermal base is observed.

It is worth mentioning that when two rolls were observed
they always appeared as shown in Fig. 1; namely, the fluid
goes up in the middle of the box and comes down along
the walls. This privileged signature seems to have its origin
in the local increase of density that walls induce. Higher
density implies more collisions and therefore more dissi-
pation, hence lower granular temperature: the system is
heavier near the walls.

Convection with horizontal periodic boundary condi-
tions.—Any effect that the elastic lateral walls could have
on the onset of convection in the previous case is discarded
when periodic lateral boundary conditions are imposed on
the system. The container is a periodic channel, and in this
case a transition to a convective regime is found again, al-

0 10 20 30 40
qN

−0.2

−0.1

0

0.1

0.2
No convection

Convection
1 roll

2 rolls

φ

FIG. 3. Mass circulation F measured in simulations
(points). The dashed lines correspond to the curve
F ! 60.04

p
qN 2 3.8.

though, due to the absence of lateral boundaries, the con-
vective rolls appearing in the system travel now along the
channel. This was observed even though the simulations
were carefully initialized with zero total horizontal mo-
mentum Px , namely with zero horizontal mass flux. Since
the boundary conditions do not change the horizontal com-
ponent of the velocities, Px remains zero during the evo-
lution, as was confirmed in the simulation.

To detect this pattern, we performed time averages of
the mass flux field. Because of the roll movement, this av-
eraging time must be larger than the microscopic time and
smaller than the time needed for the roll to travel a signifi-
cant distance. We chose this time to be much smaller than
the thermal diffusion time which, in our units, is of order
N

p

p"Tbase, but large enough to contain multiple particle-
particle collisions. The observed rolls persisted for times
longer than the macroscopic time, resulting in an hydrody-
namic pattern.

An example of what is happening in the system is ob-
served in Fig. 4. This figure is a plot of the averaged mass
flux field at four different stages of the simulation. Be-
cause of the periodic lateral boundaries, the solution should
be a two-rolls pattern (or any even number of rolls), but the
aspect ratio forced on the system would imply rolls with a
width about half their height, which makes them unstable.
The system was most of the time observed to have one
large roughly circular roll accompanied by a smaller one.

Although the movement of the rolls may be reminis-
cent of that spontaneously developed in the shear mode of

(b)

 (c) (d)

 (a)

FIG. 4. Mass flux field averaged in circles of 250 collisions
per particle. (a), (b), (c), and (d) correspond to cycles 100, 112,
124, and 136, respectively. A big roll can be observed moving
to the left side of the system while a small roll appears varying
its size.
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[Ramirez et al. 2000, Cordero et al. 2003]
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Fig. 2. Left and right !gures correspond to two stable stationary solutions sharing the same values for the
control parameters: Kn = 0:06, Fr = 0:55 and inelasticity coe"cient q = 0:063. At top the velocity !elds;
below the surfaces representing the dimensionless number density n(x; y) rescaled to satisfy
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n dx dy = 1;
at bottom the temperature surfaces T (x; y).

We !nally make the distinction between the thermal boundary condition at the base
and more realistic ones. Experimentally the energy source is typically a vibrating base.
A granular system kept highly excited by means of a vibrating base characterized by
a vibrating amplitude much smaller than the mean free path and a frequency much
larger than the particle’s collision rate, can behave as if it were in contact with a
stochastic static wall injecting energy at a steady rate [8]. Such boundary condition is
not equivalent to having the system in contact with a heat bath as de!ned above but
they are quite similar only close to hydrostatic conditions (no convection).

Hydrodynamic equations agree with simulations and experiments.
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Driven systems

Grains placed in a vibrated shallow box. Energy
is injected to the vertical degrees of freedom
and transferred to the horizontal ones.

g

Lz

Lx Ly

The vertical scale is fast. The granular temperature adapts to the
local density: T (ρ) is a decreasing function.
The pressure is p = p(ρ,T ) = p(ρ,T (ρ)) = p̂(ρ).

Presents a van der Waals loop triggering a mechanical instability
ARTICLES
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Figure 3 Pressure versus density measurements. a,b, Molecular dynamics pressure measurements and contrast order parameter for a confined hard-disc (2D) system.
These results show that the pressure plateau is concomitant with the solid–liquid phase separation. Pressure is normalized by Po = ⇢mxv

2
o , where ⇢mx is the maximum mass

density that fits in a monolayer and vo = 2⇡ fA is the vibration’s maximum velocity. Simulation parameters are 40 N 400, L
x

= 400d, h= 1.8d, A= 0.35d,
f= 10

p
g/d/⇡, µs = µd = 0.05, ✏pw = 1, ✏pp = 0.996 (open circles), 0.9 (filled squares), 0.8 (asterisks), 0.6 (open diamonds) and 0.4 (filled circles), where µ

s,d stands
for static or dynamic friction coefficients and ✏pp (✏pw) stands for particle–particle (particle–wall) restitution coefficients. c, Experimental (filled circles) and molecular
dynamics (open circles) results obtained in 3D shallow systems. Set-up: d= 3mm, L

x

= 18.5d, L
y

= 19d, h= 1.7d, f= 70Hz and A= 0.034d. A constant-pressure
region is observed in the range ⇢o = 1–1.3 for experiments, and ⇢o = 1–1.15 for molecular dynamics. The experimental error bars are due to a combination of uncertainties
associated with the angle measurement as well as standard deviations in other factors affecting the overall granular pressure. For the molecular dynamics results, the errors
are the standard deviation from the mean.

dense and with so much dissipation, the collision rate increases and
the algorithm tends to collapse.

Experimental and 3D molecular dynamics measurements
of the pressure as a function of density also show such a
pressure plateau, as shown in Fig. 3c. In fact, keeping all other
parameters fixed, a constant pressure region is observed in
the range ⇢o = 1–1.3 for experiments and ⇢o = 1–1.15 for
molecular dynamics. Observations confirm that this plateau indeed
corresponds to the coexistence region, as a square-symmetry solid
crystal coexisting with a fluid state is observed solely in this region.
With our current experimental set-up, reliable higher-density
pressure measurements are diYcult. In the numerical case, the
event-driven algorithm is not suitable for high-density simulations.

MACROSCOPIC DESCRIPTION

To give a macroscopic, dimensionless description of the observed
phase transition, we introduce two scalar order parameters, the
number density and the longitudinal momentum density, ⇢ and
j, respectively. Owing to the aspect ratio of the system, these order

parameters have a fast {y,z}-dependence and a slow x-dependence.
Averaging over y and z, we end up working with ⇢(x,t) and j(x,t).
This reduction is possible owing to a separation of time and space
scales, which allows for a description in terms of the slowly varying
macroscopic variables. These are in fact fluctuating variables, owing
to the elimination of a large number of fast variables whose eVect
can be modelled including suitable stochastic terms in the partial
diVerential equation that describes the system. Figure 2d shows the
coarse graining grid used to obtain these average variables. Using a
similar method as in refs 16,17, we have derived an equation for the
slow macroscopic variables that governs the dynamics of the phase
separation, even when we consider friction. The number density
satisfies the damped van der Waals normal-form equation

@
t t

u = @
xx

⇥
"u+u

3 �@
xx

u+⌫@
t

u

⇤
��@

t

u+p
⌘@

x

⇣(x, t), (1)

where @
t

⇢ = �@
x

j, u = ⇢ � ⇢c and ⇢c is the density at
the critical point (that is, the density value for which the
system pressure exhibits a plateau). The control parameter " is
inversely proportional to the compressibility coeYcient. The term
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Part II: Granular hydrodynamics of dense granular liquids

Usual geometries
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Usual geometries
342 The European Physical Journal E

in the different configurations? Are there underlying com-
mon physical phenomena controlling flow properties in the
different geometries? As a result, we expect to identify
simple and basic features that could help in developing
future model for dense granular flows.

Let us emphasise that this collective work is not a re-
view. New results are presented and the paper does not
pretend to be exhaustive. First, the paper focus only on
steady uniform flows of slightly polydispersed grains, leav-
ing aside very important questions such as avalanche trig-
gering, intermittent flows or segregation. Second, since the
data presented here come from the research group GDR
MiDi and collaborators, many important contributions are
not included. We refer to them in the references. However,
the huge activity in the domain makes the exercise diffi-
cult. We take refuge behind this excuse for all the contri-
butions that have been omitted.

2 Six different configurations

Dense granular flows are mainly studied in six different
configurations (Fig. 1), where a simple shear is achieved
and rheological properties can be measured. These geome-
tries are divided in two families: confined and free surface
flows.

The confined flows are the plane shear geometry
(Fig. 1a) where a shear is applied due to the motion of
one wall, the annular shear (Fig. 1b) where the material
confined in between two cylinders is sheared by the ro-
tation of the inner cylinder and the vertical-chute flow
configuration (Fig. 1c) where material flows due to the
gravity in between two vertical rough walls. Free surface
flows are flow of granular material on a rough inclined
plane (Fig. 1d), flow at the surface of a pile (Fig. 1e)
and flow in a rotating drum (Fig. 1f). The driving force
is in these last three cases the gravity. In the following,
we consider successively the six configurations. The data
comes from different experiments and numerical simula-
tions briefly described in a table at the beginning of each
section. We report for each of them the flowing threshold,
the kinematic properties (velocity V (y), volume fraction
Φ(y) and velocity fluctuation δV 2(y) profiles) and the rhe-
ological behaviour, before discussing the influence of the
various experimental or numerical parameters. Both the
notations and the dimensionless quantities naturally used
to present the results are given in Appendix A.

3 Plane shear flow

3.1 Set-up

In the aim of studying flow rheology, the plane shear
(Fig. 2a) is conceptually the simplest geometry one natu-
rally thinks of. The flow is obtained between two parallel
rough walls, a distance L apart and moving at the rela-
tive velocity Vw. In the following, we note γ̇w = Vw/L the
mean shear rate. In this configuration, the stress distribu-
tion is uniform inside the sheared layer. However, because

g

g g

(c)(a) (b)

(d) (e) (f)

Fig. 1. The six configurations of granular flows: (a) plane
shear, (b) annular shear, (c) vertical-chute flows, (d) inclined
plane, (e) heap flow, (f) rotating drum.

of gravity, this homogeneous state is not achieved in exist-
ing experiments [15,16] but is obtained in discrete parti-
cle simulations. Most of the results found in the literature
are obtained imposing the wall velocity and measuring the
shear stress [17–21]. Some are carried out controlling the
shear force applied to the moving wall in order to study
the flow thresholds [22].

In the following, we present results of two-dimensional
discrete particle simulations where Vw is imposed and the
number of grains (size d and mass m) within the cell is
fixed (periodic boundary conditions are used along the
shear direction). The data are summarised in Table 1. In
one case the volume —the cell width L— and thereby the
density ρ —or the volume fraction Φ— are controlled and
the pressure P is measured, while in the other case the
pressure is controlled and the density is measured. Once
the inter-particle contact laws are fixed, the simulations
depend on two parameters: the wall velocity Vw and the
normal stress P or the density ρ. This define a single di-
mensionless number describing the relative importance of
inertia and confining stresses,

I =
γ̇wd!
P/ρ

. (1)

Both simulations are performed in the limit of rigid grains,
so that the macroscopic timescale L/Vw is much larger
than the microscopic timescales i.e. the elastic and the
dissipative ones. The inter-particle friction coefficient µp

is null when not specified. The roughness of the walls is
made of glued grains similar to the flowing grains.

GDR MiDi 2004
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Dimensional analysis

Consider a simple shear at
constant pressure.

L

P

V

The input data are:

pressure P

shear rate γ̇ = dux/dy

plate separation L

particle diameter d

particle density ρp.

We measure: shear stress τ , volume fraction φ
In the limit of impenetrable particles, their elastic properties are
irrelevant.
In the limit of large boxes (L� d), L is irrelevant for a local
rheology.

Dimensional analysis. Only dimensionless input quantity

I =
γ̇d√
P/ρp

inertial number

[GDR MiDi, 2004, da Cruz et al. 2005, Jop et al. 2008]
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The inertial number rheology

Inertial number

I =
γ̇d√
P/ρp

Can be written as
I = tmicro/tmacro

tmicro = d/
√

P/ρp Time to arrange one grain by pressure
tmacro = 1/γ̇ Time to move a grain its diameter by the flow

Regimes:
I = 0 solid
I � 1 quasistatic
I & 1 fluid (kinetic theory)
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The inertial number rheology

By dimensional analysis,
the measured quantities
must be

τ = P µ(I )

φ = φ(I )

[Forterre et al. 2008]
[GDR MiDi, 2004, da Cruz et al. 2005, Jop et al. 2008]
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Application of the local rheology to avalanches

In a stationary avalanche the momentum
equation reads

�
�
��

0

ρ
∂ux
∂t

=
∂τ

∂y
+ ρg sin θ

0 = −∂P
∂y
− ρg cos θ

1 Local rheology

The study of a granular flow can be realised with a local rheology or µ(I) rheology. In fact
it implies equations and links between confining stresses and inertia. Used rheology formulas
are demonstrated in annex 1. Our study deals with an avalanche stop which is modelled as an
inclined plane flow. In applying the momentum equation equation and µ(I) rheology equations,
we are able to get equations which described the flow.

1.1 Analysing

We model our system as a inclined plane flow. Our purpose doesn’t include the study of the
flow along the plane’s inclination but as function of the fluid’s height. Therefore, we defined
�xx, �yx uniforms and vy is zero. We consider a flow direction only following axis x.

x

H
y

~g

✓

~v

Figure 1: Inclined plane flow

From figure 1 and with momentum equations, we determine the flow’s equations we use in
a µ(I) rheology. Main demonstration is in annex 1. Then in assuming constant and uniform
fluid’s density ⇢0 the equations are:

⇢0
@vx

@t
= g⇢0 cos ✓ +

@�xy

@y
(1)

0 = �g⇢0 cos ✓ +
@�yy

@y
(2)

with equations from µ(I) rheology

�xy = µ(I)|�yy| (3)

I =
d@vx

@yp
|�yy/⇢

(4)

At first, we want to establish flow’s equations in a stationnary regime in order to define our
initial conditions and also calculate our viscosities at rest. From equation 2, we find �yy =
�g⇢0 cos ✓(H � y) where H is the fluid thickness. If we apply a stationnary regime, the solution
of equation 1 is �xy = g⇢0 sin ✓(H�y). Then with equation 3, µ(I) = tan ✓ which is uniform and
it indicates our flow’s states as function of the viscosity. In fact, the following figure represents
µ as a function of I.

1

The solution is

P = ρg cos θ(H − y)

τ = ρg sin θ(H − y)

Notably τ/P = tan θ. According to the local rheology tan θ = µ(I ).
Both µ and I are uniform and given only by the geometry.
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Application of the local rheology to avalanches

We have µ = tan θ uniform in the avalanche.

1 Local rheology

The study of a granular flow can be realised with a local rheology or µ(I) rheology. In fact
it implies equations and links between confining stresses and inertia. Used rheology formulas
are demonstrated in annex 1. Our study deals with an avalanche stop which is modelled as an
inclined plane flow. In applying the momentum equation equation and µ(I) rheology equations,
we are able to get equations which described the flow.

1.1 Analysing

We model our system as a inclined plane flow. Our purpose doesn’t include the study of the
flow along the plane’s inclination but as function of the fluid’s height. Therefore, we defined
�xx, �yx uniforms and vy is zero. We consider a flow direction only following axis x.
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Figure 1: Inclined plane flow

From figure 1 and with momentum equations, we determine the flow’s equations we use in
a µ(I) rheology. Main demonstration is in annex 1. Then in assuming constant and uniform
fluid’s density ⇢0 the equations are:

⇢0
@vx

@t
= g⇢0 cos ✓ +

@�xy

@y
(1)

0 = �g⇢0 cos ✓ +
@�yy

@y
(2)

with equations from µ(I) rheology

�xy = µ(I)|�yy| (3)

I =
d@vx

@yp
|�yy/⇢

(4)

At first, we want to establish flow’s equations in a stationnary regime in order to define our
initial conditions and also calculate our viscosities at rest. From equation 2, we find �yy =
�g⇢0 cos ✓(H � y) where H is the fluid thickness. If we apply a stationnary regime, the solution
of equation 1 is �xy = g⇢0 sin ✓(H�y). Then with equation 3, µ(I) = tan ✓ which is uniform and
it indicates our flow’s states as function of the viscosity. In fact, the following figure represents
µ as a function of I.

1

Case 1: tan θ < µc . The solution is I = 0, static pile.

Case 2: tan θ > µc . The solution is I 6= 0 uniform. But I =
dux
dy

d√
P/ρp

and P = ρg(H − y), then

ux =
2IH3/2

3d

√
ρ0g cos θ

ρ

[
1− (1− y/H)3/2

]

In this regime, the granular temperature is not a relevant field. It is
completely enslaved to the flow (Bagnold scaling).
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Shear flow at fixed volume

In a shear flow at fixed volume, φ is fixed.
From the definition of I = γ̇d√

P/ρp

The pressure is

P =
ρpd

2γ̇2

I 2

Close to the jamming transition φ = φc − aI , then I = (φc − φ)/a.

Back in the pressure

P =
ρpd

2γ̇2a2

(φc − φ)2

The confining pressure diverges at jamming.
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Extensions: tensorial form, hysteresis, non-locality

The local rheology derived for planar shear flows u = ux(y)x̂.

What happens in more complex (2D or 3D) flows?
It was proposed that the shear rate and shear stress tensors are
parallel. [Jop et al. 2006]

P = PI− τ

τik = Pµ(I )
γ̇ik
|γ̇|

I =
|γ̇|d√
P/ρp

γ̇ik =
∂ui
∂xk

+
∂uk
∂xi

|γ̇| =
√
γ̇ik γ̇ik/2
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Extensions: tensorial form, hysteresis, non-locality

Hydrodynamic modeling of granular flows in a modified Couette cell

Pierre Jop
Laboratoire de Physique de la Matière Condensée et Nanostructures, Université Lyon, Université Lyon 1, and CNRS UMR 5586,

Domaine Scientifique de la Doua F-69622, Villeurbanne Cedex, France
!Received 10 December 2007; published 25 March 2008"

We present simulations of granular flows in a modified Couette cell, using a continuum model recently
proposed for dense granular flows. Based on a friction coefficient, which depends on an inertial number, the
model captures the positions of the wide shear bands. We show that a smooth transition in velocity-profile
shape occurs when the height of the granular material is increased, leading to a differential rotation of the
central part close to the surface. The numerical predictions are in qualitative agreement with previous experi-
mental results. The model provides predictions for the increase of the shear band width when the rotation rate
is increased.

DOI: 10.1103/PhysRevE.77.032301 PACS number!s": 45.70.!n, 83.50.Ax

Divided materials such as granular material often exhibit
a localization of deformations when slowly sheared #1–3$.
This behavior produces shear bands that are generally nar-
row, typically 10 grain diameters wide for a granular flow.
They often take place close to boundaries or at the interface
between a flowing and a static part. Quasistatic motions are
experimentally observed inside these bands and can lead to
different velocity profiles, such as exponential or Gaussian,
depending on the system #2,4$. However a theoretical frame-
work is still lacking to understand them. A modified Couette
configuration has recently brought the possibility of observ-
ing wide shear bands in granular media #5$ and allows a
deeper test of recent theories #6,7$. In this configuration,
sketched in Fig. 1!a", the bottom is split into a rotating disk
!at a given angular velocity "0" and a ring fixed to the wall
at rest. The three control parameters are the radius of the disk
Rs, the filling thickness H, and the angular velocity "0. The
experimental results are summarized here. For a small thick-
ness compared to the disk radius, the disk drives the rotation
of a column up to the free surface as shown in Fig. 1!b".
However, when the height is large, only a dome rotates,
deeply below the surface #Fig. 1!d"$. The transition occurs
around the ratio H /Rs=0.7 #5,8,9$, where two shear bands
exist #Fig. 1!c"$. In this regime, a differential rotation !called
precession in the following" appears: the central upper part
rotates more slowly than the bottom #9,10$. A theoretical
model, which is based on the principle of minimization of
the Coulomb friction dissipation, predicts infinitely sharp
shear bands and a hysteretic transition between open and
closed regimes #6$. Török et al. recently introduced a random
disorder; they found a smooth transition and wide shear
bands with correct scaling laws when averaging over an en-
semble of sharp bands #11$.

In this Brief Report, we present an alternative approach. A
constitutive law has been proposed, which quantitatively de-
scribes some dense surface flows and instabilities #12–14$.
Could this hydrodynamic model describe the flow in the
modified Couette cell? What are the shapes of bands and is
there a smooth transition?

In the local model proposed in #12$, the granular media is
described as an incompressible fluid governed by a visco-
plastic constitutive law. Assuming an ensemble of grains of

diameter d and density #s, the shear stress $ij is related to the
strain rate %̇ij as follows:

$ij = − P&ij + 'ij with 'ij =
(!I"P
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where P is the isotropic pressure, (!I" is a friction coeffi-
cient, which depends on the inertial number I !I
= %%̇%d /'P /#s", the norm %X% corresponds to 'XijXij /2, and )
is the effective viscosity. The friction coefficient starts from a
minimum value (s and increases with I !see Ref. #12$ for
details about the rheology". Although this model was not
designed to reproduce quasistatic creeping flows !the consti-
tutive law ensures the existence of a finite yield stress %'%
*(sP", we expect it could contribute to understanding what
kind of phenomenon underlies the properties of shear bands
in this geometry. We assume the flow to be axisymmetric and
compute the axial velocity u+!r ,z"=r"!r ,z" only in a radial
section of the cell, governed by the following equations:

#
!u+

!t
=

1
r2

!

!r
()r2!u+

!r
− )ru+) +

!

!z
()

!u+

!z
) , !2"

H

Rs

R
a

c d

Rs Rs

Ω0

H
Rs

z z

b

Rs

z

≈ 0.7
H
Rs > 0.7

H
Rs < 0.7

FIG. 1. !a" Modified Couette cell. The bottom is split into a
rotating disk and an outer ring at rest. From previous studies, in the
stationary state, three regimes are identified depending on the filling
height !the hatched areas rotate as quasisolid bodies": !b" the open
regime, !c" the intermediate regime when H /Rs*0.7, and !d" the
closed system.

PHYSICAL REVIEW E 77, 032301 !2008"

1539-3755/2008/77!3"/032301!4" ©2008 The American Physical Society032301-1

Cheng et al. 2006, Fenistein et al. 2006, Jop 2008

Shear bands develop.

Qualitatively well captured by the continuous model.
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Hydrodynamic modeling of granular flows in a modified Couette cell
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We present simulations of granular flows in a modified Couette cell, using a continuum model recently
proposed for dense granular flows. Based on a friction coefficient, which depends on an inertial number, the
model captures the positions of the wide shear bands. We show that a smooth transition in velocity-profile
shape occurs when the height of the granular material is increased, leading to a differential rotation of the
central part close to the surface. The numerical predictions are in qualitative agreement with previous experi-
mental results. The model provides predictions for the increase of the shear band width when the rotation rate
is increased.
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deeply below the surface #Fig. 1!d"$. The transition occurs
around the ratio H /Rs=0.7 #5,8,9$, where two shear bands
exist #Fig. 1!c"$. In this regime, a differential rotation !called
precession in the following" appears: the central upper part
rotates more slowly than the bottom #9,10$. A theoretical
model, which is based on the principle of minimization of
the Coulomb friction dissipation, predicts infinitely sharp
shear bands and a hysteretic transition between open and
closed regimes #6$. Török et al. recently introduced a random
disorder; they found a smooth transition and wide shear
bands with correct scaling laws when averaging over an en-
semble of sharp bands #11$.

In this Brief Report, we present an alternative approach. A
constitutive law has been proposed, which quantitatively de-
scribes some dense surface flows and instabilities #12–14$.
Could this hydrodynamic model describe the flow in the
modified Couette cell? What are the shapes of bands and is
there a smooth transition?

In the local model proposed in #12$, the granular media is
described as an incompressible fluid governed by a visco-
plastic constitutive law. Assuming an ensemble of grains of

diameter d and density #s, the shear stress $ij is related to the
strain rate %̇ij as follows:
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where P is the isotropic pressure, (!I" is a friction coeffi-
cient, which depends on the inertial number I !I
= %%̇%d /'P /#s", the norm %X% corresponds to 'XijXij /2, and )
is the effective viscosity. The friction coefficient starts from a
minimum value (s and increases with I !see Ref. #12$ for
details about the rheology". Although this model was not
designed to reproduce quasistatic creeping flows !the consti-
tutive law ensures the existence of a finite yield stress %'%
*(sP", we expect it could contribute to understanding what
kind of phenomenon underlies the properties of shear bands
in this geometry. We assume the flow to be axisymmetric and
compute the axial velocity u+!r ,z"=r"!r ,z" only in a radial
section of the cell, governed by the following equations:
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Shear bands develop.

Qualitatively well captured by the continuous model.
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But simulacion rotating drum
The tensors τik and γ̇ik are not parallel.

Relevance of visco-plastic theory in a multi-directional inhomogeneous granular flow

Fig. 6: (Colour on-line) (a) Map of the angle difference between
principal directions of τij and γ̇

d
ij for Ω= 12 rpm. (b) Map of

the logarithm of the norm of the strain rate tensor times the
half drum rotation duration log |γ̇d|/2Ω for Ω= 12 rpm. We
indicate with a black line the limit where this deformation
δ≡ |γ̇d|/2Ω= 1.

forgotten, i.e. as long as the local deformation is less
than ∼ 1. Even if our flow is stationary, the transient
effect reported above could be the explanation for the
large misalignment observed in the deep part of the
rotating drum (cf. fig. 6(a)). Indeed, in the “solid” part
of the granular matter, a given “Lagrangian” packing is
created at the bottom of the surface avalanche. Then,
it has a short lifetime reduced to half a drum rotation
period 1/2Ω corresponding to the time needed for him
to reach the top of the avalanche where it is destructed.
During this process, the deformation experienced by the
packing is quite small: in fig. 6(b), we plot the map of
the logarithm of the norm of the strain rate tensor times
the half drum rotation duration log |γ̇d|/2Ω as well as a
black line delineating where the deformation δ= |γ̇d|/2Ω
equals unity. The “solid” granular matter under this
line is experiencing a transient deformation since it is
less than one. Finally, we see that this “transient” zone
matches quite well the zone (cf. fig. 6(a)) where |δθ|
is larger than 10◦ making transient dilatancy effects a
relevant explanation for the persistence of large alignment
discrepancies. This observation does not imply that the
spatial structure observed for the angle δθ is due to
transient effects. On the contrary, this structure is created
by the specific rotating-drum boundary conditions, the
small deformations experienced by the matter explaining
then the fact that this structure of δθ(x, z) ̸= 0 can live on.

Conclusion. – In this letter, we have confronted a
recent visco-plastic theory for dense granular flow to
numerical steady flows in rotating drums. The existence
of a univocal relation between a scalar local friction
coefficient —defined as the ratio between the norm of
the deviatoric stress tensor to the pressure— and the so-
called inertial number conjectured in the theory is in first
approximation fairly well verified over the whole drum,
in both the creeping “solid” phase and the avalanching
phase at the free surface, for inertial numbers ranging
from 10−5 to 5× 10−2. Small dilatancies evidenced at
the flow surface are also found to be univocally related
to the inertial number. On the other hand, the local
alignment between deviatoric stress and strain rate tensors

prescribed in the visco-plastic theory is found to fail
significantly over the whole range of inertial number.
This leads us to argue that the visco-plastic rheology
proposed in [11] is extremely efficient to describe quasi-
unidirectional flows as those investigated in [9–11] but
remains unapplicable, when applied in its non-invariant
form (eq. (1)), to highly multi-directional flows such as
those observed in rotating drum. On the other hand, it
is particularly remarkable that the Jop et al. rheology,
when considered in its invariant form, holds for very small
values of I down to 10−5 and that even if the stress
and strain rate tensor misalignment is large. This result
suggests in particular to reconsider the previous apparent
failure of the visco-plastic rheology observed for small I
in other flow geometries [10,25,26] which could have been
a partially wrong conclusion. The origin of the observed
misalignment between tensors is conjectured to be the
consequence of transient dilatancy effects linked to the
small deformation experienced by the “solid” part of the
granular matter when considered from a Lagrangian point
of view. Finally, a quadripolar spatial structuration of the
dispersion around the perfect collapse of the data on the
visco-plastic invariant rheology is tentatively attributed
to non-local effects set by boundary conditions. In this
context, stress distribution in immobile granular packings
was found to be well described by Linear Elasticity [27]. It
will then be interesting to see whether the introduction of
an additional elastic field describing the stress distribution
in an equivalent “immobile” packing can explain the
observed discrepancy. Work in this direction is currently
under progress.
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However, the invariants do follow the local rheology.

P.-P. Cortet et al.

Fig. 3: (Colour on-line) Invariant effective friction coefficient
|τ |/P as a function of the inertial number for time and ensemble
averaged data, (a) and (b) over the whole 2D drum, (c) and (d)
at the center of the drum (x= 0), with linear, (a) and (c), and
logarithmic, (b) and (d), x -axis. Same color/gray level code as
in fig. 2.

Fig. 4: (Colour on-line) (a) Volume fraction ν and (b) angle
difference between principal directions of τij and γ̇

d
ij as a

function of the inertial number for time and ensemble averaged
data corresponding to the whole 2D drum. Same color/gray
level code as in fig. 2.

often expected to fail because of the jamming transition
for I < 10−3.
We already said that in compressive flows a local

rheology would imply a single dependence of the volume
fraction ν with the inertial number I. In fig. 4(a), we see
that the data corresponding to the whole 2D flow collapse
indeed quite well on a master curve ν = ν(I) supporting
partially the proposed rheological approach.
The second step is now to check point b) i.e. the

collinearity between the deviatoric stress τij and strain
rate γ̇dij tensors. Figure 4(b) shows the angle difference

δθ between the principal directions of τij and γ̇dij as
a function of the inertial number. The collinearity is
not verified since δθ ranges from ±10◦, for the larger
inertial numbers (5× 10−4 < I < 5× 10−2) corresponding

Fig. 5: (Colour on-line) (a) Map of the deviation |τ |/P −
|τ |/P (x= 0, z) of the effective friction coefficient |τ |/P from
the one, µ(I, x= 0), at the center of the drum for Ω= 6 rpm.
(b) Angle difference between principal directions of τij and γ̇

d
ij

as a function of the inertial number for Ω= 12 rpm. In (b), data
point colors are mapping the x-position in the drum.

to the “liquid” surface flow, up to 35◦ in the deeper part
of the flow, corresponding to smaller inertial numbers
(10−6 < I < 5× 10−4). Such increase in the dispersion of
the tensors misalignment, as I decreases, has also been
reported in shear zones [24]. More importantly, there is
no univocal relation ruled by the inertial number such as
δθ= δθ(I). Consequently, the fact the tensorial law (1) is
not verified contrary to its invariant version, relation a),
on the norms of the tensors holds is the direct consequence
of the misalignment of the stress and strain rate tensors.
Moreover, it shows, looking at the larger inertial numbers
in figs. 2 and 4(b), that a 10◦ discrepancy between
principal directions is already significant to make the
visco-plastic tensorial rheology, in its non-invariant version
of eq. (1), flatter.
In fig. 3, the collapse of the data on a master curve µ(I)

is not perfect and one may wonder if the dispersion around
the “mean” friction coefficient µ(I, x= 0) measured at the
center of the drum is only due to a lack of statistics.
Therefore, in fig. 5(a), we plot the map of the deviation
of the effective friction coefficient from the one at the
center of the drum. One can observe a spatial structuration
with a quadripolar pattern. This spatial dependence of
the profile |τ |/P = µ(I, x) with the position x may be
the consequence of non-local effects reflecting the long
range influence of the boundaries through force-chains,
but remains however an unexplained feature. It is worth
noticing that a pure geometrical dependence of |τ |/P
has been reported in [25] where the interest of studying
the present regime of mixed geometrical and shear rate
dependence was highlighted. In parallel, in figs. 5(b)
and 6(a), we see that the cloud of data δθ vs. I shows
as well a non-trivial spatial structure. There is however
no evidence for any link between the spatial structures of
the angle δθ and of the deviation around µ(I, x= 0), the
origins of which are still to be understood.
Previous studies [24,25] have shown that the stress

and the strain rate tensor principal directions can differ
significantly due to transient dilatancy effects as long
as the initial conditions of the packing have not been
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We predicted that µc gives the critical avalanche angle
But experiments and simulations indicate that there are stop and
start angles: θstop < θstart.
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Figura 2.2: a) Histéresis para un flujo concéntrico, b) y c) Fenómeno de no localidad
. Figura extraida de Forterre, 2008 [11].

El modelo de Pouliquen también admite una formulación tensorial dada por Jop, 2008 [11]:

�i j = �p�i j+⌧i j (2.16)

⌧i j = ⌘�̇i j (2.17)

⌘ =
µ(I)p
k�̇k (2.18)

k�̇k =
r

1
2
�̇i j�̇i j (2.19)

Por último, es importante señalar las limitaciones de este modelo, que son principalmente dos:

1. No considera la histéresis.

2. Este modelo es local y existen fenómenos no locales donde el medio actúa como una red
interconectada.

Lo anterior se ve reflejado en la figura 2.2, donde para el caso a), se aprecia el fenómeno de
histéresis para un escurrimiento concéntrico, en tanto, para los casos b) y c), se aprecia que es
determinante el sentido del movimiento del experimento en el inicio o detención del escurrimiento,
aun cuando se tengan las mismas condiciones locales de presión y velocidad de deformación. Esto
se explica por la acción del medio como una red interconectada, lo que representa un fenónmeno
no local. Este último fenómeno ha sido analizado en Pouliquen, 2009 [12].

2.2.2. Modelos de dos fases
Para ejemplificar este tipo de modelos nos referiremos principalmente al trabajo de Aranson,

2008 [13]. Este tipo de modelos se basa en que los esfuerzos en el dominio de un escurimiento
granular, son producidos por dos formas de interacción entre los granos, cuyos efectos se pueden
separar, estas interacciones son:

7

[Forterre and Pouliquen 2008]

Needs hysteresis: two fluid model [Aranson et al. 2008]
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Por último, es importante señalar las limitaciones de este modelo, que son principalmente dos:

1. No considera la histéresis.

2. Este modelo es local y existen fenómenos no locales donde el medio actúa como una red
interconectada.

Lo anterior se ve reflejado en la figura 2.2, donde para el caso a), se aprecia el fenómeno de
histéresis para un escurrimiento concéntrico, en tanto, para los casos b) y c), se aprecia que es
determinante el sentido del movimiento del experimento en el inicio o detención del escurrimiento,
aun cuando se tengan las mismas condiciones locales de presión y velocidad de deformación. Esto
se explica por la acción del medio como una red interconectada, lo que representa un fenónmeno
no local. Este último fenómeno ha sido analizado en Pouliquen, 2009 [12].

2.2.2. Modelos de dos fases
Para ejemplificar este tipo de modelos nos referiremos principalmente al trabajo de Aranson,

2008 [13]. Este tipo de modelos se basa en que los esfuerzos en el dominio de un escurimiento
granular, son producidos por dos formas de interacción entre los granos, cuyos efectos se pueden
separar, estas interacciones son:

7

The critical angles depend on the thickness height θstop(H) and
θstart(H).
This effect cannot be described by the local-rheology.
Force chains?

R. Soto Simulaciones fluidos granulares



Boundary conditions

Both the hydrodynamic and kinetic equations need boundary
conditions.
Free surface:
There is no stress τ = 0. But τ = Pµ(I ). However, P = 0 at the
surface!! So, there is nothing imposed on I .
But, I = γ̇d√

P/ρp
. Vanishing P implies vanishing γ̇.

In summary: P = 0 and ∂ux
∂y = 0.

Solid boundary:
If it is rough enough, then u = 0.

Vibrating beds:
At high frequencies, the wall injects energy Q = Q(ρ,T ) [Soto 2004].
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